Abstract: This paper proposes three alternative confidence intervals namely, AADM-t, MAAD-t and MADM-t, which are simple adjustments to the Student-t confidence interval for estimating the population mean of a positively skewed distribution. The proposed methods are very easy to calculate and are not overly computer-intensive. The performance of these confidence intervals was compared through a simulation study using the following criterion: (a) coverage probability (b) average width and (c) coefficient of variation of width. Simulation studies indicate that for small sample sizes and moderate/highly positively skewed distributions, the proposed AADM-t confidence interval performs the best and it is as good as the Student-t confidence interval. Some real-life data are analyzed which support the findings of this paper to some extent.
INTRODUCTION
The positively skewed data are frequently encountered in both economics and health-care fields where experiments with rare diseases or a typical behavior are the norm. The classical Student-t confidence interval is the most widely classical used approach because it is simple to calculate and robust for both small and large sample sizes. However when the population distribution is positively skewed, the Student-t confidence interval will only have an approximate (1-α) coverage probability. This coverage probability may be improved by developing different confidence interval methods in order to analyze the positively skewed data. This paper reviews and develops some confidence intervals which handle both small samples and positively skewed data. Since a theoretical comparison among the interval is not possible, a simulation study has been conducted to compare the performance of the intervals. The coverage probability (CP), average width (AW) and coefficient of variation of widths (CVW) are considered as a performance criterion. They have been recorded and compared across confidence intervals. Smaller width indicates a better confidence interval when coverage probabilities are the same. Higher coverage probability indicates a better confidence interval when widths are the same. This paper is organized as follows: The proposed confidence intervals have been developed in section 2. A Monte Carlo simulation study has been conducted in section 3. As applications, some real life data have been analyzed in section 4. Some concluding remarks are given in section 5.
THE PROPOSED CONFIDENCE INTERVAL ESTIMATORS
The main characteristics for the scale estimators based on the median absolute deviation for constructing the proposed confidence intervals will be discussed in this section. Let X 1 , X 2 , … , X n be a random sample which is independently and identically distributed and comes from a positively skewed distribution with unknown μ and σ. We want to develop 100(1-α)% confidence interval for μ. The classical Student-t confidence interval for μ and the proposed median absolute deviations confidence intervals have been discussed as below:
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A. The classical Student-t confidence interval
This interval relies on the normality assumption and is developed by [1] as a more robust way for testing hypotheses specifically for small sample sizes and/or σ is unknown. The (1-α)100% confidence interval for μ can be constructed as follows:
when σ is known.
For small sample sizes and unknown σ, the (1-α)100% confidence interval for μ which is known as the Student-t confidence interval can be constructed as follows:
where
is the upper α/2 percentage point of the student t distribution with (n-1) degrees of freedom. The classical Student-t approach is not very robust under extreme deviations from normality [2] . Additionally, since the classical Student-t depends on the normality assumption, it may not be the best confidence interval for asymmetric distributions.
In this paper, we assume that X follows a positively skewed distribution. Previous researchers have found that the Student-t performs well for small samples sizes and asymmetric distributions in terms of the coverage probability coming close to the nominal confidence coefficient although its average widths and variability were not as small as other confidence intervals ([2]- [5] ).
B. The Proposed Median Absolute Deviations Confidence Intervals
For a positively skewed distribution, it is known that the median describes the center of a distribution better than the mean. Thus for a positive skewed data and because of the robustness of the median, in this section, we will consider three methods based on median absolute deviations statistics to construct the confidence interval for μ. The proposed confidence intervals are computationally simple and therefore analytically a more desirable methods.
C. The AADM-t Confidence Interval
The first method we propose in this paper is called the AADM-t confidence interval, which is a modification of the classical Student-t confidence interval. The (1-α)100% AADM-t confidence interval for μ is given by:
, MD is the sample median. As stated in [6] 
AADM is a consistent estimate of σ and is asymptotically normally distributed, which is:
Moreover, using the strong law large numbers, it can be shown that AADM converges to σ almost surely.
D. The MAAD-t Confidence Interval
The second method we propose in this paper is called the MAAD-t confidence interval, which is another modification of the classical Student-t confidence interval. The (1-α)100% MAAD-t confidence interval for μ is given by:
where MAAD is defined as
This estimator was given by [7] and they showed that it is more robust than S.
E.The MADM-t Confidence Interval
The third method we propose in this paper is called the MADM-t confidence interval, which is another modification of the classical Student-t confidence interval. This method is based on MADM. The (1-α)100% MADM-t confidence interval for μ is given by:
where MADM was first introduced by [8] and is defined as
The MADM has important robustness properties as follows: (i) It has a maximum breakdown point which is 50% which is twice as much as interquartile range (IQR) (ii) It has the smallest gross error sensitivity value which is 1.167. 
SIMULATION STUDY
Since a theoretical comparison among the intervals is difficult, following [3] , a simulation study has been conducted to compare the performance of the confidence intervals. Based on the results of the simulation studies, the best confidence interval will be chosen based on coverage probability (CP), average width (AW), coefficient of variation of the widths (CVW), sample size (n) and skewness level. The program for the simulation study has been conducted using MATLAB(2015) programming languages. Since our main objective is to compare the performance of the classical Student-t and the proposed confidence intervals for positive skewed distributions, then to generate data, we choose the gamma distribution with various skewness levels for comparison purposes. The probability density function of the gamma distribution is defined as
where α is a shape parameter and β is a scale parameter. The mean of this distribution is     and variance is 2 2 
  
. We want to find some good confidence intervals which will be useful for a sample coming from a positively skewed distribution.
A. The Simulation Technique
The program flowchart for the simulation study is as follows:
(i) Select the sample size (n), number of simulation runs (M) and the confidence significance level (α).
(ii) Generate a random sample of size (n), X 1 , X 2 , … , X n, which is an independently and identically distributed and comes from a gamma distribution with two parameters α and β with the chosen population skewness using the MATLAB (2015) program.
(iii) Construct confidence intervals at a (1-α)100% confidence level using the formulas defined in section 2. Following [3] , the parameters for the gamma distribution have been chosen and the random sample of size n, X 1 , X 2 , ..., X n was taken from the following gamma distributions with a common mean of 10: (a) G(16,0.625) with skewness 0.5; (b) G(4,2.5) with skewness 1; (c) G(1,10) with skewness 2; (d) G(0.25,40) with skewness 4; (e) G(0.11,40) with skewness 6; (f) G(0.063,40) with skewness 8. To check whether our selected four methods are sensitive with n or not, we choose n from 5 to 100. The confidence level for the simulation study is 0.95 which is the common confidence interval. The number of M was chosen to be 2500. More on simulation techniques, we refer [9] - [10] among others.
B. The Simulation Results
CP, AW and CVW for selected n and for skewness 0.5, 1, 2, 4, 6, and 8 are calculated and given in Tables I-VI respectively and in figures 1-6 respectively. From Table I and Fig.1 , we observe that the classical Student-t confidence interval has coverage probability close to the nominal level, followed by AADM-t and MAAD-t confidence intervals. It is also observable that, MAAD and MADM have the smallest widths as compare to other two selected confidence intervals. From Table II and Fig.2 , we observe that when skewness increases from 0.5 to 1.0, our proposed AADM-t confidence interval followed by MAAD-t confidence interval coverage probabilities are close to the nominal level with the classical Student-t confidence interval. Smallest widths are observed from our two proposed MAAD and MADM intervals. From Table III and Fig.3 , it is noticeable that our proposed AADM-t and Student-t confidence interval have similar coverage probability. Intervals with respect to width are performing best as compare to the student's t interval. From Table IV and Fig.4 , we observe that in case of a moderate to highly skewed distribution, the AADM-t confidence interval coverage probability is very close to nominal level 0.95 as compare to others. Here also our proposed intervals performing very well. From Tables V-VI and Fig.5 and Fig. 6 we observe that in case of a very highly skewed distribution, the AADM-t confidence interval coverage probability is stable and very close to the nominal level 0.95 as compare to others. Here also our proposed intervals performing very well in terms of widths when the sample sizes are small. 
APPLICATIONS
As an application, three examples have been considered to illustrate the performance of the confidence intervals which have been considered in this paper. These examples have various sample sizes and level of skewness. MATLAB(2015) programming language codes are used to produce necessary tables and figures respectively.
A. Example-1
To study the average use of psychotropic drugs from non-antipsychotic drug users, the number of users of psychotropic drugs was reported for 20 different categories of drugs [11] We observe that the MADM-t confidence interval has the smallest width followed by MAAM-t and AADM-t. The classical Student-t confidence interval has the highest width. Both the proposed MAAD-t and MADM-t has the shorter widths compared to the corresponding AADM-t. All the confidence intervals have approximately short width. Note that the sample size n is small and data are highly skewed. Thus the MADM-t confidence interval performs the best in the sense of having smaller width than the other two proposed confidence intervals.
B. Example-2
To study the Mosquito survival rates in a wet climate, 8 survival times were reported [12] , the following data represents the time of death: 0.539, 0.292, 0.090, 0.044, 0.010, 0.010, 0.010, 0.031. We want to find the average survival time. Survival rate is positively skewed with skewness = 1.83 and mean is 0.13. A histogram of the data values showing its positive skewness is given in Fig.8 . The proposed confidence intervals and their corresponding widths have been given in Table VIII . We found that from the Table VIII, the MADM-t confidence interval has the smallest width followed by MAAM-t and AADM-t. The classical Student-t confidence interval has the highest width. Both the proposed MAAD-t and MADM-t has the shorter widths compared to the corresponding AADM-t. Here n is small and data is highly skewed. So, the MADM-t confidence interval performs the best in the sense of having smaller width than the other two proposed confidence intervals.
C. Example-3
The percentage of adults living with HIV-1 for 15 regions of the world were reported [13] , the following data represent the HIV-1 prevalence rate for each region: 0.6, 2.3, 0.6, 0.3, 0.7, 0.9, 0.3, 0.1, 0.2, 0.3, 4.5, 5.7, 4.4, 4.8, 17. We want to find the average percentage of disorders for a region. The percentage of adults living with HIV-1 is positively skewed with skewness = 2.67 and mean is 2.85. A histogram of the data values showing its positive skewness is given in Fig.9 . The proposed confidence intervals and their corresponding widths have been given in Table IX . From the Table IX , we observe that the MADM-t confidence interval has the smallest width followed by MAAM-t and AADM-t. The classical Student-t confidence interval has the highest width. Both the proposed MAAD-t and MADM-t has the shorter widths compared to the corresponding AADM-t. All the confidence intervals have approximately short width. Also the Student-t and the AADM-t confidence intervals have approximately equal widths. Thus the MADM-t confidence interval performs the best in the sense of having smaller width than the other two proposed confidence intervals.
SUMMARY AND CONCLUDING REMARKS
This paper proposes a number of confidence intervals namely, the AADM-t, the MAAD-t and the MADM-t, which are simple adjustments to the classical Student's-t confidence interval and based on the absolute deviation for estimating μ of a positively skewed distribution. The proposed methods are very easy to calculate and are not overly computer-intensive. The simulation study shows that the best confidence interval based on coverage probability for moderately to highly skewed data is the AADM-t followed by MAAD-t and MADM-t. The best confidence interval based on width for moderately to highly skewed data is the MADM-t followed by MAAD-t and AADM-t. Therefore, the practitioners should decide whether coverage probability or width is important to their study to choose a confidence interval because it is hard to find a confidence interval that will have high coverage probability and a small width. It is also evident from the simulation study that the large sample sizes, the classical Student-t are inadequate for highly skewed data. Three real life numerical examples are analyzed which supported our results to some extent. In general, the proposed confidence intervals performed well in the sense that they improved their respective confidence intervals in terms of either coverage probability or width. Finally, the proposed interval estimation methods performed well compared to the classical Student-t confidence interval.
